The construction of specific supersymmetric grand unified models based on the Pati-Salam gauge group and leading to a set of Yukawa quasi-unification conditions which can allow an acceptable b-quark mass within the constrained minimal supersymmetric standard model with µ > 0 is briefly reviewed. Imposing constraints from the cold dark matter abundance in the universe, B physics, and the mass m h of the lighter neutral CP-even Higgs boson, we find that there is an allowed parameter space with, approximately, 44 ≤ tan β ≤ 52, −3 ≤ A 0 /M 1/2 ≤ 0.1, 122 ≤ m h /GeV ≤ 127, and mass of the lightest sparticle in the range (0.75 − 1.43) TeV. Such heavy lightest sparticle masses can become consistent with the cold dark matter requirements on the lightest sparticle relic density thanks to neutralino-stau coannihilations which are enhanced due to stau-antistau coannihilation to down type fermions via a direct-channel exchange of the heavier neutral CP-even Higgs boson. Restrictions on the model parameters by the muon anomalous magnetic moment are also discussed.
PROLOGUE
The constrained minimal supersymmetric standard model (CMSSM) is a highly predictive version of the minimal supersymmetric standard model (MSSM) based on universal boundary conditions [1, 2] . It can be further restricted by being embedded in a supersymmetric (SUSY) grand unified theory (GUT) with a gauge group containing SU (4) c and SU (2) R . This can lead [3] to 'asymptotic' Yukawa unification (YU) [4] , i.e. the exact unification of the third generation Yukawa coupling constants at the supersymmetric (SUSY) GUT scale M GUT . In this scheme, we take the electroweak Higgs superfields H 1 , H 2 and the third family right handed quark superfields t c , b c to form SU (2) R doublets. As a result, we obtain [3] the asymptotic Yukawa coupling relation h t = h b and, hence, large tan β ∼ m t /m b . Furthermore, to get h b = h τ and, thus, the asymptotic relation m b = m τ , the third generation quark and lepton SU (2) L doublets [singlets] q 3 and l 3 [b c and τ c ] have to form a SU (4) c 4-plet [4-plet] , while the Higgs doublet H 1 which couples to them has to be a SU (4) c singlet. The simplest GUT gauge group which contains both SU (4) c and SU (2) R is the Pati-Salam (PS) group G PS = SU (4) c ×SU (2) L ×SU (2) R -for YU within SO(10), see Ref. [5] .
Given the experimental values of the top-quark and tau-lepton masses, the CMSSM supplemented by the assumption of YU (which naturally restricts tan β ∼ 50) yields unacceptable values of the b-quark mass for both signs of the MSSM parameter µ. Moreover, the generation of sizable SUSY corrections [6] to m b (about 20%) drive it well beyond the experimentally allowed region with the µ < 0 case being much less disfavored. Despite this fact, we prefer to focus on the µ > 0 case, since µ < 0 is strongly disfavored by the constraint arising from the deviation δa µ of the measured value of the muon anomalous magnetic moment a µ from its predicted value a SM µ in the standard model (SM). Indeed, µ < 0 is defended [7] only at 3 − σ by the calculation of a SM µ based on the τ -decay data, whereas there is a stronger and stronger tendency [8, 9] at present to prefer the e + e − -annihilation data for the calculation of a SM µ , which favor the µ > 0 regime. Note that, the results of Ref. [10] , where it is claimed that the mismatch between the τ -and e + e − -based calculations is alleviated, disfavor µ < 0 even more strongly.
The usual strategy to solve the aforementioned tension between exact YU and fermion masses is the introduction of several kinds of nonuniversalities in the scalar [5, 11, 12] and/or gaugino [13] sector of MSSM with an approximate preservation of YU. On the contrary, in Ref. [14] -see also Refs. [15] [16] [17] [18] [19] -, this problem is addressed in the context of the PS GUT model, without the need of invoking departure from the CMSSM universality. We prefer to sacrifice the exact YU in favor of the universality hypothesis, since we consider this hypothesis as more economical, predictive, and easily accommodated within conventional SUSY GUT models. Indeed, it is known -cf. first paper in Ref. [20] -that possible violation of universality, which could arise from D-term contributions if the MSSM is embedded into the PS GUT model, does not occur provided that the soft SUSY breaking scalar masses of the superheavy fields which break the GUT gauge symmetry are assumed to be universal.
In the proposal of Ref. [14] , the Higgs sector of the simplest PS model [21, 22] is ex-
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tended by including an extra SU (4) c nonsinglet Higgs superfield with Yukawa couplings to the quarks and leptons. The Higgs SU (2) L doublets in this superfield can naturally develop [23] subdominant vacuum expectation values (VEVs) and mix with the main electroweak doublets, which are SU (4) c singlets and form a SU (2) R doublet. The resulting electroweak doublets H 1 , H 2 break SU (4) c and do not form a SU (2) R doublet. Thus, YU is replaced by a set of Yukawa quasi-unification conditions (YQUCs) which depend on up to five extra real parameters. The number of these parameters depends on the representations used for the Higgs superfields which mix the SU (2) L doublets in the SU (4) c singlet and nonsinglet Higgs bidoublets and some simplifying assumptions. These Higgs superfields can either belong to a triplet or a singlet representation of SU (2) R . In the past [14] [15] [16] , we have shown that the monoparametric YQUCs emerging from the inclusion of one SU (2) Rtriplet [singlet] superfield could give a SUSY model with correct fermion masses for µ > 0 [µ < 0]. However, only the model with µ > 0 could survive [16, 17, 19] after imposing a set of cosmological and phenomenological constraints. The same model can also support new successful versions [24] of hybrid inflation, based solely on renormalizable superpotential terms and avoiding overproduction of monopoles [25] . The baryon asymmetry of the universe may be generated via nonthermal leptogenesis [26] .
However, the recently announced data -most notably by the Large Hadron Collider (LHC) -on the mass of the SM-like Higgs boson [27] [28] [29] as well as the branching ratio BR (B s → µ + µ − ) of the process B s → µ + µ − [30] in conjunction with cold dark matter (CDM) considerations [31] destroyed the successful picture above. To be more specific, the upper bound from CDM considerations on the lightest neutralino relic density, which is strongly reduced by neutralino-stau coannihilations, yields a very stringent upper bound on the mass of the lightest neutralino mχ, which is incompatible with the lower bound on mχ from the data [30, 32] on BR (B s → µ + µ − ). The main reason for this negative result is that tan β remains large and, thus -see Sec. 4 -, the SUSY contribution to BR (B s → µ + µ − ) turns out to be too large. To overcome this hurdle, we included in Ref. [33] both SU (2) R -triplet and singlet Higgs superfields. This allows for a more general version of the YQUCs, which now depend on one real and two complex parameters. As a consequence, the third generation Yukawa coupling constants are freed from the stringent constraint h b /h t + h τ /h t = 2 obtained in the monoparametric case and, thus, we can accommodate more general values of the ratios h m /h n with m, n = t, b, τ , which are expected, of course, to be of order unity for natural values of the model parameters. Moreover, lower tan β's are allowed reducing thereby the extracted BR (B s → µ + µ − ) to a level compatible with the CDM requirement. The allowed parameter space of the model is then mainly determined by the interplay of the constraints from BR (B s → µ + µ − ) and CDM and the recently announced results of LHC on the Higgs boson mass m h .
In this review, we outline the construction of the SUSY GUT model which can cause an adequate deviation from exact YU with sufficiently low tan β so as the resulting CMSSM with µ > 0 to be consistent with a number of astrophysical and experimental requirements. They originate most notably from the data on m h and the BR (B s → µ + µ − ) derived by LHC and the nine-year fitting of the observations of the Wilkinson microwave anisotropy probe (WMAP) [31] on the CDM abundance. We show that the allowed parameter space of the model is relatively wide, but the sparticle masses are too heavy lying in the multiTeV range. The latter signalizes a mild amount of tuning as regards the achievement of the electroweak symmetry breaking (EWSB).
The construction of the model is briefly reviewed in Sec. 2 and the resulting CMSSM is presented in Sec. 3. The parameter space of the CMSSM is restricted in Sec. 6 taking into account a number of phenomenological and cosmological requirements, which are exhibited in Secs. 4 and 5 respectively. The deviation from exact YU is estimated in Sec. 7. Finally, we summarize our conclusions in Sec. 9.
THE PATI-SALAM SUPERSYMMETRIC GUT MODEL
We outline below -in Sec. 2.1 -the salient features of our model and then analyze the various parts of its superpotential in Secs. 2.2, 2.3, 2.4, and 2.5. Finally, we discuss the issue of the stability of the proton in Sec. 2.6.
THE GENERAL SET-UP
We focus on the SUSY PS GUT model which is described in detail in Ref. [22] -see also Refs. [16, 34] . The representations and the transformation properties under G PS of the various matter and Higgs superfields contained in the model as well as their extra global charges (see below) are included in Table 1 The representations and transformations under GPS as well as the extra global charges of the superfields of our model (Uc ∈ SU (4)c, UL ∈ SU (2)L, UR ∈ SU (2)R and T , †, and * stand for the transpose, the hermitian conjugate, and the complex conjugate of a matrix respectively).
acquire in the direction ν c H andν c H , respectively. The model also contains a gauge singlet S, which triggers the breaking of G PS , as well as a SU (4) c 6-plet G, which splits under G SM into a SU (3) c triplet g c a and antitripletḡ c a , which give [21] superheavy masses to d c Ha andd c Ha . In particular, G can be represented by an antisymmetric 4 × 4 matrix
whereḠ is the dual tensor of G defined byḠ IJ = ε IJKL G KL and transforms under SU (4) c as U In addition to G PS , the model possesses two global U (1) symmetries, namely a PecceiQuinn (PQ) [35] and a R symmetry, as well as a discrete Z mp 2 symmetry ('matter parity') under which F , F c change sign. Note that global continuous symmetries such as our PQ and R symmetry can effectively arise [36] from the rich discrete symmetry groups encountered in many compactified string theories -see e.g. Ref. [37] .
In the simplest realization of this model [16, 21] , the electroweak doublets H 1 , H 2 are exclusively contained in the bidoublet superfield Ih, which can be written as
and so the model predicts YU at M GUT -note that M GUT is determined by the requirement of the unification of the gauge coupling constants. 
belong to the (15,2,2) representation of SU (4) c , which is the only representation besides (1,2,2) that can couple to the fermions. On the other hand, φ and φ ′ acquire superheavy VEVs of order M GUT after the breaking of G PS to G SM . Their couplings withĪh ′ and Ih naturally generate a SU (2) R -and SU (4) c -violating mixing of the SU (2) L doublets in Ih and Ih ′ leading, thereby, to a sizable violation of YU. More explicitly, the superpotential W of our model naturally splits into four parts
which are specified, in turn, in the following Secs. 2.2, 2.3, 2.4, and 2.5.
THE SPONTANEOUS BREAKING OF
The part of W in Eq. (6) which is relevant for the breaking of G PS to G SM is given by
where the mass parameters M, m, and m ′ are of order M GUT and κ, β, β ′ , λ, and λ ′ are dimensionless complex parameters. Note that by field redefitions we can set M, m, m ′ , κ, λ, and λ ′ to be real and positive. For simplicity, we also take β > 0 and β ′ > 0 (the parameters 7 are normalized so that they correspond to the couplings between the SM singlet components of the superfields). The scalar potential obtained from W H is given by
where the complex scalar fields which belong to the SM singlet components of the superfields are denoted by the same symbols as the corresponding superfields. Vanishing of the D-terms yieldsH c * = e iϑ H c (H c ,H c lie in the ν c H ,ν c H direction). We restrict ourselves to the direction with ϑ = 0, which contains the SUSY vacua (see below). Performing appropriate R and gauge transformations, we bring H c ,H c , and S to the positive real axis.
From the potential in Eq. (8), we find that the SUSY vacuum lies at
and
where
The structure of φ and φ ′ with respect to (w.r.t.) G PS is shown in Eq. (9b), where
MASS TERMS
The part of W in Eq. (6) which gives masses to the various components of the superfields naturally splits into three parts
out of which the first one is responsible for the generation of superheavy masses for the superfields d c H andd c H :
GeV is the string scale. Therefore, the ν c i 's acquire Majorana masses of order M 2 GUT /M S ∼ 10 10 − 10 14 GeV depending on the magnitude of the coupling constants λ ijν c .
The last part of W M in Eq. (11), which is responsible for the mixing of the SU (2) L doublets in Ih and Ih ′ , is a sum of G PS invariants with the traces taken w.r.t. the SU (4) c and SU (2) L indices:
Here the mass parameter M Ih is of order M GUT (made real and positive by field rephasing) and λ 3 , λ 1 are dimensionless complex coupling constants. Note that the two last terms in the right hand side (RHS) of Eq. (14) overshadow the corresponding ones from the nonrenormalizable SU (2) R -triplet and singlet couplings originating from the symbolic couplingH c H cĪ h ′ Ih (see Ref. [14] ).
Replacing φ and φ ′ by their VEVs in Eq. (9b) and expanding the superfields in Eq. (5) as linear combinations of the fifteen generators T a of SU (4) c normalized so as Tr(T a T b ) = δ ab and denoting the colorless components of the superfields by the superfield symbol, we can easily establish the following identities:
where the ellipsis includes color nonsinglet components of the superfields. Upon substitution of the above formulas in the RHS of Eq. (14), we obtain the mass terms
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where the complex dimensionless parameters α 1 and α 2 are given by
It is obvious from Eq. (16) that we obtain the following two pairs of superheavy doublets with mass M IhĪ
The electroweak doublets H r , which remain massless at the GUT scale, are orthogonal to the H ′ r directions:
YUKAWA QUASI-UNIFICATION CONDITIONS
The part of W in Eq. (6) which includes the Yukawa interactions of the third family of fermions is given by
where ρ ≡ y ′ 33 /y 33 can be made real and positive by readjusting the phases of Ih, Ih ′ , and H r . Also, note that the factor of two is incorporated in the second term in the RHS of this equation in order to make y ′ 33 directly comparable to y 33 , since Ih
c , which is normalized so that the trace of its square equals unity. Solving Eqs. (18) and (19) 
From Eqs. (20) and (21) and using the fact that the superheavy doublets H ′ r must have zero VEVs, we can readily derive the superpotential terms of the MSSM for the third family fermions as well as the Yukawa interaction of the left handed third family lepton doublet with ν c 3 :
T are the SU (2) L doublet LH quark and lepton superfields respectively and the Yukawa coupling constants h t , h b , h τ , and h ντ satisfy a set of generalized asymptotic YQUCs:
These conditions depend on two complex (α 1 , α 2 ) and one real and positive (ρ) parameter.
For natural values of ρ, α 1 , and α 2 , i.e. for values of these parameters which are of order unity and do not lead to unnaturally small numerators in the RHS of Eq. (23), we expect all the ratios h m /h n with m, n = t, b, τ, ν τ to be of order unity. So, exact YU is naturally broken, but not completely lost since the ratios of the Yukawa coupling constants remain of order unity, thereby restricting tan β to rather large values. On the other hand, these ratios do not have to obey any exact relation among themselves as in the previously studied [14] [15] [16] [17] 19 ] monoparametric case. As we show below, this gives us an extra freedom which allows us to satisfy all the phenomenological and cosmological requirements with the lightest neutralino contributing to CDM.
THE PECCEI-QUINN SYMMETRY AND THE µ PROBLEM
The last term W PQ of W in Eq. (6) is responsible for the solution of the µ problem of MSSM. Indeed, an important shortcoming of MSSM is that there is no understanding of how the SUSY µ term with the right magnitude of |µ| ∼ 10 2 − 10 3 GeV arises. One way [38] to solve this µ problem is via a PQ symmetry U (1) PQ [35] , which also solves the strong CP problem. This solution is based on the observation [39] that the axion decay constant f a , which is the symmetry breaking scale of U (1) PQ , is (normally) of intermediate value (∼ 10 11 − 10 12 GeV) and, thus, |µ| ∼ f 2 a /M S . The scale f a is, in turn, of order (m 3/2 M S ) 1/2 , where m 3/2 ∼ 1 TeV is the gravity-mediated soft SUSY breaking scale (gravitino mass). In order to implement this solution of the µ problem in our model, we introduce [38] a pair of gauge singlet superfields N andN (see Table 1 ) with the following nonrenormalizable couplings in the superpotential [40] :
Here, λ PQ is taken real and positive by redefining the phases of the superfields N andN . After SUSY breaking, the N 2N 2 term leads to the scalar potential
where A is the dimensionless coefficient of the soft SUSY breaking term corresponding to the superpotential term N 2N 2 and ǫ, θ,θ are the phases of A, N ,N respectively. Mini-mization of V PQ then requires |N | = |N |, ǫ + 2θ + 2θ = π and V PQ takes the form
For |A| > 4, the absolute minimum of the potential is at
The µ term is generated predominantly via the terms N 2 Ih 2 and N 2 Ih ′2 in Eq. (24) with |µ| ∼ | N | 2 /M S , which is of the right magnitude.
The potential V PQ also has a local minimum at N =N = 0, which is separated from the global PQ minimum by a sizable potential barrier, preventing a successful transition from the trivial to the PQ vacuum. This situation persists at all cosmic temperatures after reheating, as has been shown [22] by considering the one-loop temperature corrections [41] to the scalar potential. We are, thus, obliged to assume that, after the termination of inflation, the system emerges with the appropriate combination of initial conditions so that it is led [42] to the PQ vacuum.
PROTON STABILITY
One can assign baryon number B = 1/3 [−1/3] to all the color triplets [antitriplets] of the model, which exist not only in F, F c , but also in H c ,H c , G, and the extra Higgs superfields. Lepton number (L) can then be defined via B − L. Before including the extra Higgs superfields in Table 1 , baryon and lepton number violation originates from the terms [22] :
(as well as the terms containing the combinations (H c ) 4 , (H c ) 4 ), which give couplings The dominant contribution to proton decay comes from effective dimension five operators generated by one-loop diagrams with two of the u c H , d c H or one of the u c H , d c H and one of the ν c H , e c H circulating in the loop. The amplitudes corresponding to these operators are estimated to be at most of order m 3/2 M GUT /M 3 S 10 −34 GeV −1 . This makes the proton practically stable.
After the inclusion of the superfields Ih ′ andĪ h ′ , the couplings
(as well as the new couplings containing arbitrary powers of the combinations (H c ) 4 , (H c ) 4 ) give rise [14] to additional B and L number violation. However, their contribution to proton decay is subdominant to the one arising from the terms of Eq. (28) . One can further show [14] that the inclusion of the superfields φ,φ, φ ′ , andφ ′ also gives a subdominant contribution to the proton decay.
THE RESULTING CMSSM
Below M GUT , the particle content of our models reduces to this of MSSM -modulo SM singlets. The Yukawa coupling constants of the models satisfy Eq. (23). To avoid complications with the seesaw mechanism, we neglect in our analysis the effects from h ντ on the renormalization group (RG) running and the SUSY spectrum, although its impact can be sizable [43] . We specify below the adopted SUSY breaking scheme (Sec. 3.1), describe the derivation of the (s)particle spectrum paying special attention to the two lightest sparticle mass eigenstates (Sec. 3.2), and discuss the fermion masses (Sec. 3.2).
SOFT SUSY BREAKING IN THE CMSSM
The relevant gravity-mediated soft SUSY-breaking terms in the scalar potential are
where tilde denotes the superpartner and the A-terms for the two light families, although included, are not shown explicitly. The soft gaugino mass terms in the Lagrangian are
whereB,W r , andg a are the bino, winos, and gluinos respectively. The SUSY-breaking parameters A t , A b , A τ , B, and M α (α = 1, 2, 3) are all of the order of the soft SUSY-breaking scale ∼ 1 TeV, but are otherwise unrelated in the general case. However, if we assume that soft SUSY breaking is mediated by minimal supergravity (mSUGRA), i.e. supergravity with minimal Kähler potential and minimal gauge kinetic function, we obtain soft terms which are universal 'asymptotically' (i.e. at M GUT ). More explicitly, mSUGRA implies
• a common mass M 1/2 for gauginos:
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• a common mass m 0 for scalars:
Squarks: mQ
• a common trilinear coupling constant A 0 :
where again only the third family trilinear coulpings are shown explicitly.
The MSSM supplemented by universal boundary conditions is generally called constrained MSSM (CMSSM) [2] . It is true that the mSUGRA implies two more asymptotic relations:
, where B 0 = B(M GUT ) and m 3/2 is the (asymptotic) gravitino mass. These extra conditions are usually not included in the CMSSM. Imposing them, we get the so-called very CMSSM [44] , which is a very restrictive version of MSSM and will not be considered further here. Therefore, the free parameters of our model are
where signµ is the sign of µ and tan β = H 2 / H 1 . In order to proceed with the investigation of the parameter space of the CMSSM, we integrate the two-loop RG equations for the gauge and Yukawa coupling constants and the one-loop ones for the soft SUSY breaking parameters between the SUSY GUT scale M GUT and a common SUSY threshold
1/2 (t 1,2 are the stop mass eigenstates) (36) determined in consistency with the SUSY spectrum. At M SUSY , we impose radiative EWSB and express the values of the parameters µ (up to its sign) and B (or, equivalently, the mass m A of the CP-odd neutral Higgs boson A) at M SUSY in terms of the other input parameters by minimizing the tree-level RG improved potential [45] at M SUSY . The resulting conditions are
We could improve the accuracy of these conditions by including the full one-loop radiative corrections to the potential from Ref. [45] at M SUSY . It is shown [46] , however, that the corrections to µ and m A from the full one-loop effective potential are minimized by our choice of M SUSY . So, we will not include these corrections, but rather use this variable SUSY threshold which gives a much better accuracy than a fixed one.
We then evaluate the SUSY spectrum by employing the publicly available calculator SOFTSUSY [47] and incorporate the SUSY corrections to the b and τ mass [45] . The corrections to the b-quark mass arise from sbottom-gluino (mainly) and stop-chargino loops [6, 45] and have the sign of µ -with the standard sign convention of Ref. [48] . Less important but not negligible (almost 4%) are the SUSY corrections to the τ -lepton mass originating [45] from sneutrino-chargino (mainly) and stau-neutralino loops and leading [14, 15] to a small decrease of tan β. From M SUSY to M Z , the running of the gauge and Yukawa coupling constants is continued using the SM RG equations.
THE LSP AND THE NEXT-TO-LSP
We now focus on the two lightest sparticles whose mass proximity plays a crucial role in constructing a viable CDM scenario -see Sec. 5. In particular, the role of the LSP can be played by the lightest neutralinoχ, whereas the next-to-LSP (NLSP) can be the lightest stau mass eigenstateτ 2 . Moreover, for presentation purposes, M 1/2 and m 0 can sometimes be replaced [49] by the LSP mass m LSP and the relative mass splitting ∆τ 2 betweenχ andτ 2 defined as follows:
The LSP mass m LSP can be obtained by diagonalizing the mass matrix of the four neutralinos, which is
in the (−iB, −iW 3 ,H 1 ,H 2 ) basis. Here, s W = sin θ W , c W = cos θ W , and M 1 , M 2 are the masses ofB,W 3 in Eq. (31). In the CMSSM and for most of the parameter space, m LSP ≃ M 1 and, thus,χ turns out to be an almost pure binoB. The evolution of the gaugino masses M α at one loop can be easily found by solving the relevant RG equations [2] , which admit an exact solution:
where (b α ) = (33/5, 1, −3), g α are the gauge coupling constants associated with the gauge groups U (1) Y , SU (2) L , and SU (3) c respectively, and g GUT ≃ 1/24 is the common value of the g α 's at the GUT scale M GUT ≃ 2 × 10 16 GeV. After a direct computation, we obtain
The lightest stau mass eigenstateτ 2 can be obtained by diagonalizing the stau masssquared matrix 
where θτ is theτ L −τ R mixing angle. The large values of the b and τ Yukawa coupling constants, implied by the YQUCs, cause soft SUSY-breaking masses of the third generation squarks and sleptons to run (at low energies) to lower physical values than the corresponding masses of the first and second generation. Furthermore, the large values of tan β, implied again by YQUCs, lead to large off-diagonal mixings in the sbottom and stau mass-squared matrices. These effects reduce further the physical mτ 2 , which becomes easily the NLSP. In Fig. 1 , an example of the RG running from Q = M SUSY to Q = M GUT of the soft SUSY-breaking masses of the Higgs and the third generation scalars as well as the gauginos is shown. Here, we extend the simplifying notation for the soft masses to include the masses of the third generation squarks too: m Q ≡ mQ 
THE MASSES OF THE FERMIONS
The masses of the fermions of the third generation play a crucial role in the determination of the evolution of the Yukawa coupling constants. For the b-quark mass, we adopt as an input parameter in our analysis the MS b-quark mass, which at 1 − σ is [51] 
This range is evolved up to M Z using the central value α s (M Z ) = 0.1184 [51] of the strong fine structure constant at M Z and then converted to the DR scheme in accordance with the analysis of Ref. [52] . We obtain, at 95% c.l., 
with m t (m t ) being the running mass of the top quark. We also take the central value m τ (M Z ) = 1.748 GeV [52] of the DR tau-lepton mass at M Z . In Fig. 2 , we present an example of a third generation Yukawa coupling constant RG running from M GUT to M Z for tan β = 48, A 0 /M 1/2 = −1.4, M 1/2 = 2.27 TeV, and m 0 = 1.92 TeV. At M GUT , we have h t /h τ = 1.117, h b /h τ = 0.623, and h t /h b = 1.792. This is, actually, the first out of the four cases of Table 2 (see below) . As we show in Sec. 7, these ratios can be naturally obtained from the YQUCs in Eq. (23). The kinks on the various curves correspond to the point where the MSSM RG equations are replaced by the SM ones. We observe that h τ is greater than h b but lower than h t at M GUT .
PHENOMENOLOGICAL CONSTRAINTS
The model parameters are restricted by a number of phenomenological and cosmological constraints, which are evaluated by employing the latest version of the publicly available code micrOMEGAs [54] . We briefly discuss below the phenomenological constraints paying special attention to those which are most relevant to our investigation. 
THE HIGGS BOSON MASS
According to recent independent announcements from the ATLAS [27] and the CMS [28] experimental teams at the LHC -see also Ref.
[29] -a discovered particle, whose behavior is consistent with the SM Higgs boson, has a mass around 125 − 126 GeV. More precisely, the reported mass is m h = 126.0 ± 0.4 (stat) ± 0.4 (sys) GeV ATLAS, 125.3 ± 0.4 (stat) ± 0.5 (sys) GeV CMS.
In the absence of a combined analysis of the ATLAS and CMS data and allowing for a theoretical uncertainty of ±1.5 GeV, we construct a 2−σ range for m h adding in quadrature the various experimental and theoretical uncertainties and taking the upper [lower] bound from the ATLAS [CMS] results:
This restriction is applied to the mass m h of the light CP-even Higgs boson h of MSSM. For the calculation of m h , we use the package SOFTSUSY [47] , which includes the full oneloop SUSY corrections and some zero-momentum two-loop corrections [55] . The results are well tested [56] against other spectrum calculators.
In Fig. 3 , we depict m h as a function of m LSP for tan β = 48, ∆τ 2 ≃ 0, and A 0 /M 1/2 = 1, 0, − 1, and −1.5. We notice that m h increases with m LSP and as A 0 /M 1/2 decreases to values lower than zero. This occurs, since the off-diagonal elements of the mass-squared matrix of the stop quarks, which contribute to the corrections to m h , are maximized for A 0 /M 1/2 < 0. As a consequence, the bound on m LSP for A 0 /M 1/2 < 0 turns out to be less restrictive. 
THE BRANCHING RATIO BR (B
The rare decay B s → µ + µ − occurs via Z penguin and box diagrams in the SM and, thus, its branching ratio is highly suppressed. The SUSY contribution, though, originating [57, 58] from neutral Higgs bosons in chargino-, H ± -, and W ± -mediated penguins behaves as tan 6 β/m 4 A and hence is particularly important for large tan β's. We impose here the following 95% c.l. bound [30] 
which is significantly reduced relative to the previous experimental upper bound [59] . This bound implies a lower bound on m LSP , since BR (B s → µ + µ − ) decreases as m LSP increases. Note that, very recently, the LHCb collaboration reported [60] a first evidence for the decay B s → µ + µ − yielding the following two sided 95% c.l. bound
In spite of this newer experimental upper bound on BR (B s → µ + µ − ), we adopt here the much tighter upper bound on BR (B s → µ + µ − ) in Eq. (48), since it is a combined result [32] of the ATLAS, CMS, and LHCb experiments and, thus, more realistic. As we show below, the upper bound on the LSP mass m LSP which can be inferred from the lower bound on BR (B s → µ + µ − ) in Eq. (49) does not constrain the parameters of our model. In Fig. 4 , we depict BR (B s → µ + µ − ) as a function of m LSP for tan β = 48, ∆τ 2 ≃ 0 and A 0 /M 1/2 = 1, 0, − 1, and −1.5. We observe that BR (B s → µ + µ − ) decreases as m LSP and A 0 /M 1/2 increase. Therefore, for A 0 /M 1/2 < 0, which is favored by the data on m h , the bound on m LSP from Eq. (48) is more restrictive than for A 0 /M 1/2 > 0. 
THE BRANCHING RATIO BR (b → sγ)
Combining in quadrature the experimental and theoretical errors in the most recent experimental world average [61] and the SM prediction [62] for the branching ratio BR (b → sγ) of the process b → sγ, we obtain the following constraints at 95% c.l.:
The computation of BR (b → sγ) in the micrOMEGAs package presented in Ref. [63] includes [64] next-to-leading order (NLO) QCD corrections to the charged Higgs boson (H ± ) contribution, the tan β enhanced contributions, and resummed NLO SUSY QCD corrections. The H ± contribution interferes constructively with the SM contribution, whereas the SUSY contribution interferes destructively with the other two contributions for µ > 0. The SM contribution plus the H ± and SUSY contributions initially increases with m LSP and yields a lower bound on m LSP from the lower bound in Eq. (50) . For higher values of m LSP , it starts mildly decreasing.
THE RATIO R (B u → τ ν)
The purely leptonic decay B u → τ ν proceeds via W ± -and H ± -mediated annihilation processes. The SUSY contribution, contrary to the SM one, is not helicity suppressed and depends on the mass m H ± of the charged Higgs boson since it behaves [58, 65] like tan 4 β/m 4 H ± . The ratio R (B u → τ ν) of the CMSSM to the SM branching ratio of the process B u → τ ν increases with m LSP and approaches unity. It is to be consistent with the following 95% c.l. range [61] :
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A lower bound on m LSP can be derived from the lower bound in this inequality.
MUON ANOMALOUS MAGNETIC MOMENT
The discrepancy δa µ between the measured value a µ of the muon anomalous magnetic moment and its predicted value in the SM can be attributed to SUSY contributions arising from chargino-sneutrino and neutralino-smuon loops. The relevant calculation is based on the formulas of Ref. [66] . The absolute value of the result decreases as m LSP increases and its sign is positive for µ > 0. On the other hand, the calculation of a SM µ is not yet stabilized mainly because of the ambiguities in the calculation of the hadronic vacuumpolarization contribution. According to the evaluation of this contribution in Ref. [7] , there is still a discrepancy between the findings based on the e + e − -annihilation data and the ones based on the τ -decay data -however, in Ref. [10] , it is claimed that this discrepancy can be alleviated. Taking into account the more reliable calculation based on the e + e − data [8] , the recent complete tenth-order QED contribution [9] , and the experimental measurements [67] of a µ , we end up with a 2.9 − σ discrepancy
resulting to the following 95% c.l. range: As it turns out, only the upper bound on m LSP is relevant here. Taking into account the aforementioned computational instabilities and the fact that a discrepancy at the level of about 3 − σ cannot firmly establish a real deviation from the SM value, we do not consider this bound as a strict constraint, but rather restrict ourselves to just mentioning at which level Eq. (52) is satisfied in the parameter space of the model allowed by all the other constraints -cf. Ref. [68] .
COLD DARK MATTER CONSIDERATIONS
The Lagrangian of MSSM is invariant under a discrete Z mp 2 'matter parity' symmetry, under which all 'matter' (i.e. quark and lepton) superfields change sign -see Table 1 . Combining this symmetry with the Z 2 fermion number symmetry, under which all fermions change sign, we obtain the discrete Z 2 R-parity symmetry, under which all SM particles are even, while all sparticles are odd. By virtue of R-parity conservation, the LSP is stable and, thus, can contribute to the CDM in the universe. It is important to note that matter parity is vital for MSSM to avoid baryon-and lepton-number-violating renormalizable couplings in the superpotential, which would lead to highly undesirable phenomena such as very fast proton decay. So, the possibility of having the LSP as CDM candidate is not put in by hand, but arises naturally from the very structure of MSSM.
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The 95% c.l. range for the CDM abundance, according to the results of WMAP [31] , is
The LSP (χ) can be a viable CDM candidate if its relic abundance Ω LSP h 2 does not exceed the 95% c.l. upper bound derived from Eq. (54), i.e.
Note that, in accordance with the recently reported [69] results from the Planck satellite, the CDM abundance is slightly larger. This leads to an upper bound on Ω LSP h 2 which is somewhat less restrictive than the one we use in our calculation. The lower bound on Ω LSP h 2 is not taken into account in our analysis, since other production mechanisms [70] of LSPs may be present too and/or other particles [71, 72] may also contribute to the CDM. We calculate Ω LSP h 2 using the micrOMEGAs code, which includes accurately thermally averaged exact tree-level cross sections of all the (co)annihilation processes [49, 73] , treats poles [14, 74, 75] properly, and uses one-loop QCD and SUSY QCD corrected [6, 14, 63] Higgs decay widths and couplings to fermions. The bound in Eq. (55) strongly restricts the parameters of the CMSSM, since Ω LSP h 2 generally increases with the mass m LSP of the LSP and so an upper bound on m LSP can be derived from this equation. Actually, in most of the parameter space of the CMSSM, Ω LSP h 2 turns out to be greater than the bound in Eq. (55) and can become compatible with this equation mainly in the following clearly distinguished regions (or 'islands') in the CMSSM parameter space:
• in the bulk region which appears at low values of m 0 and M 1/2 , whereχχ annihilation occurs predominantly via t-channel slepton exchange. This region is now excluded by the bound in Eq. (47).
• in the hyperbolic branch/focus point (HB/FP) region, which lies at large values of m 0 (> 5 TeV), where |µ| becomes small and the neutralinoχ develops a significant higgsino component [76] (for some details, see Sec. 8).
• in the stau coannihilation tail at low m 0 's but almost any value of M 1/2 , where there is a proximity between the masses of the LSP and the NLSP, which turns out to be thẽ τ 2 for tan β > 10 [73] and not too large values of |A 0 | [77] . Large |A 0 | can generate a stop coannihilation region. For fixed m LSP , Ω LSP h 2 decreases with ∆τ 2 , since thẽ χτ 2 coannihilations become more efficient. So the CDM criterion can be used for restricting ∆τ 2 -see Refs. [14, 16, 49] .
• in the A-pole enhancedχχ annihilation funnel for tan β > 40 [tan
, where one encounters the presence of a resonance with
in theχχ annihilation to down type fermions via a s-channel exchange of an A-boson. In the region of the CMSSM parameter space which is favored by the bound in Eq. (47) with A 0 /M 1/2 < 0, it is recently recognized [33, 68] that there is an area where two Ω LSP h 2 reduction mechanisms analogous to the two latter ones mentioned just above cooperate to reduce the LSP relic abundance below 0.12. In particular, the lines ∆τ 2 = 0 and ∆ A = 0 can intersect each other in this area, leading to a resonant enhancement of theχτ 2 coannihilations. Note that, since m A ≃ m H , where m H is the mass of the heavy CP-even neutral Higgs boson H, ∆ A ≃ 0 implies the presence of a resonance 2m LSP ≃ m H too. Under these circumstances, theτ 2τ * 2 coannihilations to bb and ττ are enhanced by the s-channel exchange of a H-pole -for the relevant channels, see, for example, Ref. [49] .
In order to pinpoint more precisely this effect, we track in Fig (48) [lower bound on m h in Eq. (47)]. We observe that, for A 0 /M 1/2 = 1, the lower bound on M 1/2 which originates from the lower bound on m h in Eq. (47) overshadows the one from Eq. (48) . In all other cases, however, we have the opposite situation. This is consistent with the fact that, for almost fixed M 1/2 and m 0 , m h increases as A 0 /M 1/2 decreases -see Fig. 3 .
From Fig. 5 , we see that, for A 0 /M 1/2 = 1 and 0, the ∆ H = 0 line is far from the part of the ∆τ 2 = 0 line which is allowed by all the other constraints except the CDM bound. Consequently, in the neighborhood of this part, the effect of the H-pole is not strong enough to reduce Ω LSP h 2 below 0.12 viaτ 2τ * A 0 /M 1/2 = −1.5, the ∆ H = 0 line moves downwards and intersects the ∆τ 2 = 0 line. This enhances H-poleτ 2τ * 2 coannihilation in the neighborhood of a bigger segment of the otherwise allowed part of the ∆τ 2 = 0 line, where Ω LSP h 2 is reduced below 0.12, and, thus, a bigger overall allowed (gray) area is generated. For even smaller A 0 /M 1/2 's, the ∆ H = 0 line keeps moving downwards and gets away from most of the otherwise allowed part of the ∆τ 2 = 0 line. Also, the intersection of these two lines moves to higher values of M 1/2 and m 0 and the effect of the H-pole is weakened even around this intersection. As a consequence, the overall allowed area quickly disappears as A 0 /M 1/2 moves below −1.6, as we will see in Sec. 6.
The effect of the H-pole on Ω LSP h 2 can be further highlighted by considering Fig. 6 , where we depict Ω LSP h 2 as a function of m LSP for tan β = 48, ∆τ 2 ≃ 0, and A 0 /M 1/2 = 1, 0, − 1, and −1.5. We notice that, for A 0 /M 1/2 ≥ 0, Ω LSP h 2 is always greater than 0.12 and increases sharply with m LSP . On the contrary, for A 0 /M 1/2 < 0, Ω LSP h 2 can be smaller than 0.12 with an almost flat plateau. More precisely, we see that Ω LSP h 2 remains almost constant and lower than 0.12 when m LSP is lower than its value m c LSP at which the ∆ H = 0 line intersects the ∆τ 2 = 0 line -recall that m LSP ≃ 0.45M 1/2 . From our code, we estimate that m c
LSP , we get a mild temporary reduction of Ω LSP h 2 , whereas, for m LSP > m c LSP , Ω LSP h 2 increases sharply.
RESTRICTIONS ON THE SUPERSYMMETRY PARAMETERS
Imposing the requirements described in Secs. 4 and 5, we can delineate the allowed parameter space of our model. We find that the only constraints which play a role are the CDM bound in Eq. (55), the lower bound on m h in Eq. (47), and the bound on BR (B s → µ + µ − ) in Eq. (48) . In the parameter space allowed by these requirements, all the other restrictions of Sec. 4 are automatically satisfied with the exception of the lower bound on δa µ in Eq. (53). This bound is not imposed here as a strict constraint on the parameters of the model for the reasons explained in Sec. 4.5. We only discuss at which level Eq. (52) is satisfied in the parameter space allowed by all the other requirements. Initially, we concentrate on a representative value of tan β = 48 and delineate the allowed areas in the M 1/2 − m 0 plane for various values of A 0 /M 1/2 . These allowed areas are the shaded ones in Fig. 7 . We observe that these areas are very thin strips. Their lower boundary corresponds to ∆τ 2 = 0. The area below this boundary is excluded because the LSP is the chargedτ 2 . The upper boundary of the areas comes from the CDM bound in Eq. (55) , while the left one originates from the limit on BR (B s → µ + µ − ) in Eq. (48) . The upper right corner of the areas coincides with the intersection of the lines ∆τ 2 = 0 and Ω LSP h 2 = 0.12. We observe that the allowed area, starting from being just a point at a value of A 0 /M 1/2 slightly bigger than −0.9, gradually expands as A 0 /M 1/2 decreases and reaches its maximal size around A 0 /M 1/2 = −1.6. For smaller A 0 /M 1/2 's, it shrinks very quickly and disappears just after A 0 /M 1/2 = −1.62. We find that, for tan β = 48, m LSP ranges from about 983 to 1433 GeV, while m h ranges from about 123.7 to 125.93 GeV.
To get a better idea of the allowed parameter space, we focus on the coannihilation regime and construct the allowed region in the M 1/2 − A 0 /M 1/2 plane. This is shown in Fig. 8 , where we depict the (horizontally hatched) areas allowed by the various constraints for ∆τ 2 = 0 and various values of tan β indicated in the graph. This choice ensures the maximal possible reduction of Ω LSP h 2 due to theχτ 2 coannihilation. So, for ∆τ 2 = 0, we find the maximal M 1/2 or m LSP allowed by Eq. (55) for a given value of A 0 /M 1/2 . The The overall allowed parameter space can be designed in the tanβ − A 0 /M 1/2 plane as shown in Fig. 9 . Each point in the shaded space of this figure corresponds to an allowed area in the M 1/2 − m 0 plane similar to the thin strips shown in Fig. 7 . The lower boundary of the allowed parameter space in Fig. 9 originates from the limit on BR (B s → µ + µ − ) in Eq. (48), except its leftmost part which comes from the lower bound on m h in Eq. (47) or the CDM bound in Eq. (55). The upper boundary comes from the CDM bound in Eq. (55) . We see that tan β ranges from about 43.8 to 52. These values are only a little smaller than the ones obtained in the case of exact YU or the monoparametric YQUCs discussed in Refs. [14, 16, 17, 19] . This mild reduction of tan β is, however, adequate to reduce the extracted BR (B s → µ + µ − ) to an acceptable level compatible with the CDM requirement. In the allowed area of Fig. 9 , the parameter A 0 /M 1/2 ranges from about −3 to 0.1. We also find that, in this allowed area, the Higgs mass m h ranges from 122 to 127.23 GeV and the LSP mass m LSP from about 746.5 to 1433 GeV. So we see that, although m h 's favored by LHC can be easily accommodated, the lightest neutralino mass is large making its direct detection very difficult. At the maximum allowed m LSP , BR (B s → µ + µ − ) takes its minimal value in the allowed parameter space. This value turns out to be about 3.64 × 10 −9 and, thus, the lower bound in Eq. (49) is satisfied everywhere in the allowed area in Fig. 9 . The range of the discrepancy δa µ between the measured muon anomalous magnetic moment and its SM value in the allowed parameter space of Fig. 9 is about (0.35 − 2.76) × 10 −10 (note that δa µ decreases as tan β or M 1/2 increases). Therefore, Eq. (52) is satisfied only at the level of 2.55 to 2.82 − σ. Note that, had we considered the µ < 0 case, δa µ would have been negative and the violation of Eq. (52) would have certainly been stronger than for µ > 0.
In Table 2 , we list the input and the output parameters of the present model, the masses in TeV of the SUSY particles (gauginos/higgsinosχ,χ 0 2 ,χ 0 3 ,χ 0 4 ,χ
R , and sleptonsτ 1 ,τ 2 ,ν τ ,ν e ,ẽ L ,ẽ R ) and the Higgses (h, H, H ± , A), and the values of the various low energy observables in four characteristic cases (recall that 1 pb ≃ 2.6 × 10 −9 GeV −2 ). Note that we have considered the squarks and sleptons of the two first generations as degenerate. From the values of the various observable quantities, it is easy to verify that all the relevant constraints are met. In the low energy observables, we included the spin-independent (SI) and spin-dependent (SD) lightest neutralino-proton (χp) scattering cross sections σ SĨ χp and σ SD χp , respectively, using central values for the hadronic inputs -for the details of the calculation, see Ref. [17] . We see that, these cross sections are well below not only the present experimental upper bounds, but even the projected sensitivity of all planned future experiments. So, the allowed parameter space of our model will not be accessible to the planned CDM direct detection experiments based on neutralino-proton scattering. We also notice that, the sparticles turn out to be very heavy, which makes their discovery a very difficult task.
The fact that, in our model, M 1/2 , m 0 , and µ generally turn out to be of the order of 
THE DEVIATION FROM YUKAWA UNIFICATION
In the overall allowed parameter space of our model in Fig. 9 , we find the following ranges for the ratios of the asymptotic third generation Yukawa coupling constants: h t /h τ ≃ 0.98 − 1.29, h b /h τ ≃ 0.60 − 0.65, and h t /h b ≃ 1.62 − 2.00. We observe that, although exact YU is broken, these ratios remain close to unity. They can generally be obtained by natural values of the real and positive parameter ρ and the complex parameters α 1 , α 2 , which enter the YQUCs in Eq. (23) . Comparing these ratios with the ones of the gauge coupling constants of the non-SUSY SM at a scale close to M GUT -see e.g. Ref.
[50] -, we can infer that the ratios here are not as close to unity. Despite this fact, we still apply the term 'Yukawa quasi-unification' in the sense that the ratios of the Yukawa coupling constants in our model are much closer to unity than in generic models with lower values of tan β -cf. Ref. [82] . Finally, note that the deviation from exact YU here is comparable to the one obtained in the monoparametric case -cf. Ref. [17] -and is also generated in a natural, systematic, controlled, and well-motivated manner. In order to see that these ratios can be obtained by natural values of ρ, α 1 , and α 2 , we take as a characteristic example the second out of the four cases presented in Table 2 , which yields m h = 125 GeV favored by the LHC. In this case, where h b /h τ = 0.618 and h t /h τ = 1.079, we solve Eq. (23) w.r.t. the complex parameters α 1 , α 2 for various values of the real and positive parameter ρ. Needless to say that one can find infinitely many solutions, since we have only two equations and five real unknowns. Some of these solutions are shown Fig. 10 . Note that the equation for h b /h τ depends only on the combination ρα 1 and, therefore, its solutions are expected to lie on a certain curve in the complex plane of this combination. Consequently, in the α 1 complex plane, the solutions should be distributed on a set of similar curves corresponding to the various values of the real and positive parameter ρ. This is indeed the case as one can see from the left panel of Fig. 10 . For each α 1 and ρ in this panel, we then solve the equation for h t /h τ to find the complex parameter α 2 . In the right panel of Fig. 10 , we show several such solutions. Observe that the equation for h t /h τ depends separately on α 2 and ρ and, thus, its solutions do not follow any specific pattern in the α 2 complex plane. Note that each point in the α 1 complex plane generally corresponds to more than one points in the α 2 complex plane. We scanned the range of ρ from 0.3 to 3 and found solutions only for the lower values of this parameter (up to about 0.6). The solutions found for α 1 and α 2 are also limited in certain natural regions of the corresponding complex planes. The picture is very similar to the one just described for all the possible values of the ratios of the third generation Yukawa coupling constants encountered in our investigation. So, we conclude that these ratios can be readily obtained by a multitude of natural choices of the parameters ρ, α 1 , and α 2 everywhere in the overall allowed parameter space of the model.
THE HYPERBOLIC BRANCH/FOCUS POINT AREA
It is generally accepted that the mSUGRA/CMSSM parameter space has been significantly squeezed by the recent experimental results. In particular, in most of the allowed parameter space, the LSP and the other sparticles turn out to be too heavy and a mild tuning is required for achieving the radiative EWSB. As discussed above, the CMSSM with (generalized) Yukawa quasi-unification is not an exception at least in the H-pole enhanced stau-antistau coannihilation regime considered here. There exists, though, a broader viable region of the parameter space of the CMSSM, which does not require excessive electroweak fine tuning and can yield a relatively light LSP. This region, which is characterized by large values of the ratio m 0 /M 1/2 , is known as the HB/FP regime [76] .
In our model, we also find a viable HB/FP area with the LSP still being the lightest neutralino, but now with a significant higgsino component. Its mass can even be well below 100 GeV. This area extends to large m 0 's (> 15 TeV) and M 1/2 's, but its most interesting part is the one at low M 1/2 's. In this part and for small m 0 's, the reduction of Ω LSP h 2 is mostly caused byχχ annihilation effects. As m 0 gets larger, the neuralino-chargino and chargino-chargino coannihilation effects become dominant. The constraints from B physics are all well satisfied in this regime. On the other hand, the value of δa µ is still below the lower bound in Eq. (53). The ratios of the third generation Yukawa coupling constants remain close to unity. Having in mind the latest indications for a light candidate CDM particle from the CDMS II experiment [83] , we see that the HB/FP region is very promising and it definitely needs more light to be shed on it. We are currently pursuing the detailed investigation of this region.
CONCLUSIONS
We performed an analysis of the parameter space of the CMSSM with µ > 0 supplemented by a generalized asymptotic Yukawa coupling quasi-unification condition, which is implied by the SUSY GUT constructed in Ref. [14] and allows an experimentally acceptable b-quark mass. We imposed a number of cosmological and phenomenological constraints originating from the CDM abundance in the universe, B physics (b → sγ, B s → µ + µ − , and B u → τ ν), and the mass m h of the lightest neutral CP-even Higgs boson. We found that the lightest neutralino can act as a CDM candidate in a relatively wide range of parameters. In particular, the upper bound from CDM considerations on the lightest neutralino relic abundance, which is drastically reduced mainly by H-pole enhanced stau-antistau coannihilation processes, is compatible with the recent data on the branching ratio of B s → µ + µ − in this range of parameters. Also, values of m h ≃ (125 − 126) GeV, which are favored by the LHC, can be easily accommodated. The mass of the lightest neutralino, though, comes out to be large (∼ 1 TeV), which makes its direct detectability very difficult and the sparticle spectrum very heavy.
